Several planned accelerator facilities call for hundreds of elliptical cavities operating cw with low effective beam loading, and therefore require cavities that have been mechanically optimized to operate at high Q L by minimizing df=dp, the sensitivity to microphonics detuning from fluctuations in helium pressure. Without such an optimization, the facilities would suffer either power costs driven up by millions of dollars or an extremely high per-cavity trip rate. ANSYS simulations used to predict df=dp are presented as well as a model that illustrates factors that contribute to this parameter in elliptical cavities. For the Cornell Energy Recovery Linac (ERL) main linac cavity, df=dp is found to range from 2.5 to 17:4 Hz=mbar, depending on the radius of the stiffening rings, with minimal df=dp for very small or very large radii. For the Cornell ERL injector cavity, simulations predict a df=dp of 124 Hz=mbar, which fits well within the range of measurements performed with the injector cryomodule. Several methods for reducing df=dp are proposed, including decreasing the diameter of the tuner bellows and increasing the stiffness of the enddishes and the tuner. Using measurements from a Tesla Test Facility cavity as the baseline, if both of these measures were implemented and the stiffening rings were optimized, simulations indicate that df=dp would be reduced from $30 Hz=mbar to just 2:9 Hz=mbar, and the power required to maintain the accelerating field would be reduced by an order of magnitude. Finally, other consequences of optimizing the stiffening ring radius are investigated. It is found that stiffening rings larger than 70% of the iris-equator distance make the cavity impossible to tune. Small rings, on the other hand, leave the cavity susceptible to plastic deformation during handling and have lower frequency mechanical resonances, which is undesirable for active compensation of microphonics. Additional simulations of Lorentz force detuning are discussed, and the results are compared to measurements on the ERL injector cavities.
I. BACKGROUND
Historically, the mechanical design of elliptical superconducting particle accelerator cavities has been optimized mainly for pulsed machines, and has therefore focused on the reduction of Lorentz force detuning (LFD). On the other hand, for low cavities, significant effort has been put forward to optimizing the mechanical design for minimizing power requirements when running cw with high loaded quality factor (see, for example, [1] [2] [3] [4] [5] ). However, new cw particle accelerator designs are pushing elliptical cavities into operating regimes with low or no effective beam loading and thus a high optimal loaded Q. A selection of these accelerators with their operating parameters is shown in Table I . The mechanical design of elliptical cavities must be reoptimized to make them effective in these machines.
II. INTRODUCTION
The rf power P required to maintain a constant accelerating voltage V acc in a superconducting cavity with geometric shunt impedance R=Q (accelerator definition) and external quality factor Q ext is given by Eq. (1) (for Q ext ) Q 0 , i.e., strongly overcoupled case):
Here I b is the average beam current, b is the accelerating phase, f 0 is the cavity frequency, and Áf is the cavity detuning. The optimal external quality factor to minimize P is given by Eq. (2):
(2) Figure 1 plots the required rf power according to Eq. (1) assuming optimal Q ext from Eq. (2) and b ¼ 0 using parameters from the Cornell Energy Recovery Linac (ERL) main linac.
From Fig. 1 it is clear that the minimum rf power depends strongly on the cavity detuning when the effective beam current is small. Under these conditions, small perturbations on the order of tens of Hz can be significant. Even microphonics, external vibrations that change the frequency of the cavity, can greatly change the required rf power.
If the level of microphonics detuning is underestimated, and the cavity is detuned so much that there is not enough power available to maintain a constant field, one of two things may happen. If the detuning is negative, then the LFD will increase the frequency as the field decreases and help it to recover. However, if the detuning is positive, then the LFD will further detune the cavity, and it will trip. A high trip rate is unacceptable for most superconducting radiofrequency (SRF) systems, especially in an x-ray user facility, where researchers require continuous beam.
As Fig. 1 shows, higher levels of microphonics require more rf power per cavity. The cost of this additional rf power is high, especially in machines with hundreds of cavities. This includes not just operational costs for grid power, but also infrastructure costs incurred by larger rf power sources.
Microphonics detuning can be reduced using active compensation from fast piezoelectric actuator tuners, but their effectiveness and bandwidth is limited by mechanical resonances in the cavity and cryomodule. The only reliable method of reducing power requirements is to passively minimize microphonics detuning. One source of microphonics is ground vibration, but studies [10] have shown that these vibrations can be decoupled from the cavities through careful cryomodule design. Therefore fluctuations in the helium bath pressure are most likely the main source of microphonics detuning. The detuning of a cavity in the Cornell ERL injector prototype is shown in Fig. 2 . Microphonics detuning is the product of the helium pressure fluctuation Áp-the maximum value of which should be made as low as possible through optimization of the cryogenic system-and the cavity pressure sensitivity df=dp, i.e. Áf ¼ ðdf=dpÞÁp. df=dp depends on the cavity size and shape, the number of cells, the cavity material thickness, the stiffening rings, the helium tank, and the tuner.
III. CASE STUDY: THE CORNELL ERL
A detailed study of the pressure sensitivity df=dp of the Cornell ERL cavities is presented in this paper. The Cornell ERL requires about 400 7-cell cavities in the main linac section, each with its own 5 kW power supply. The ERL 7-cell is an elliptical cavity with large beam tubes for higher order mode damping, and stiffening rings between each cell and after both end cells. In the iteration of the design under study in this paper, the cavity has two NbTi enddishes, one of which is rigidly welded to the Ti helium tank, while the other is separated from the tank by a bellows, allowing the cavity length to be adjusted by a Saclay I-type tuner [11] . A computer-aided design (CAD) model of the cavity is presented in Fig. 3 . This study is meant to optimize the radius of the 7-cell cavity's stiffening rings and the design of its helium tank with the goal of minimizing df=dp. The specifications of the tuner may also be influenced. The shape of the cavity has already been finalized based on rf requirements [12] . This study focuses on the ERL main linac cavity, but the conclusions are generally applicable to other elliptical cavity designs for cw operation with small effective beam current.
Simulations of the 7-cell cavity cannot be directly compared with measurements in this paper, as the first ERL cavity is in the production stage as of the date of writing. However, five 2-cell cavities currently in operation in the ERL injector cryomodule are available for testing [13, 14] . These cavities are not optimized for low microphonics, but they should provide a means of comparison between simulations and measurements, and thus of verifying the simulation tools used here. The 2-cell cavities use an INFN blade tuner [15] , 1 and have helium tanks with a bellows in the middle to allow the length to change. The cavityhelium tank-tuner assembly is shown in Fig. 4 .
IV. SIMULATIONS AND MEASUREMENT
The influence of the stiffening ring radius and the helium tank design on df=dp can be studied through coupled structural-high frequency electromagnetic simulation. Using the engineering software package ANSYS [16] , simulations were developed [17] that calculate the fundamental accelerating mode frequency of a cavity, apply a pressure load to deform it, and then calculate the new fundamental accelerating mode frequency. For maximum accuracy, the complete cavity assembly was used in the simulations, including the helium tank and the tuner. The mesh uses tetrahedral elements with midside nodes. The same mesh is used for the entire simulation, switching the element types between structural and high frequency for different analyses, and updating the mesh after determining the deformation due to the pressure load rather than remeshing. This greatly improves accuracy without requiring a very dense and computationally expensive mesh.
A mesh from the simulations is shown in Fig. 5 . The simplified tuner model used in these simulations is visible as the rigid plate and bellows-like part. The material properties of the bellows part were modified to give it the stiffness reported for the Saclay I tuner, 100 kN=mm [11] . A similar bellows part was used to simulate the blade tuners of the injector cavities which have a reported [15] stiffness of 31 kN=mm (a 25% increase in stiffness is assumed for cryogenic temperatures). Material properties for Nb, NbTi, and Ti were obtained from [18] . The accuracy of the simulations depends strongly on the accuracy of the material properties.
Measurements were carried out on the ERL injector cryomodule cavities. df=dp was measured by slowly varying the helium pressure by several mbar and observing the change in cavity frequency. The LFD of the cavities was measured by comparing the frequency at low accelerating gradients to the frequency at high gradients. The tan bellows-like part on the right is the simplified tuner. It is supported by the rigid blue plate. In this model, the stiffening rings between the cells have a 155 mm inner diameter. 
V. df=dp RESULTS
The simulation results for the 7-cell cavity are presented in Fig. 6 . df=dp was calculated as a function of stiffening ring radius for the nominal 100 kN=mm tuner stiffness and 3 mm material thickness, as well as values close to nominal. The stiffening ring radial position is presented as a fraction of the iris-equator distance, ðr ring À r iris Þ= ðr equator À r iris Þ.
In every case, the df=dp trends in Fig. 6 show the same pattern: a maximum at about 25% of the iris-equator distance, and a significant decrease as the radius grows or shrinks. The minimum df=dp occurs when the stiffening rings are at the equator. With 2 mm walls, df=dp even becomes negative, indicating that the value is in fact zero for some stiffening ring radius. For the nominal values, there are two optimal locations for stiffening rings to minimize df=dp: one is to have no stiffening rings at all; the other is to have stiffening rings with a very large radius. As discussed later, there are limitations on how large the stiffening rings can be, and taking this into account, the values of df=dp given by these two solutions are very close.
Increasing the tuner stiffness decreases df=dp for all stiffening ring radii, and the decrease is most dramatic for smaller radii. Decreasing the wall thickness makes the shape of the curve more pronounced-the maximal df=dp values become larger and the minimal ones become smaller. Depending on the scenario, it may be desirable to adjust the wall thickness to decrease df=dp.
The International Linear Collider (ILC) cavity has a shape very similar to that of the ERL 7-cell. However, ILC cavities are optimized to reduce LFD, not microphonics detuning. As indicated in Fig. 6 , the ILC stiffening rings lie very close to the maximum of df=dp. In this location, they prevent deformation at the iris, decreasing LFD. On the other hand, under an increase in helium pressure, the negative frequency shift caused by iris deformation counters the positive frequency shifts caused by equator deformation and length increase. As a result, df=dp is smallest when the iris is free to deform.
From Fig. 6 , simulation predicts a df=dp of 17 Hz=mbar for the ERL 7-cell cavity with stiffening rings at 28% of the iris-equator distance. With these stiffening rings, the 7-cell would be very similar to the ILC 9-cell cavity, so the simulation prediction can be compared to measurements made on such cavities in operation at other labs. Values of 28 and 30 Hz=mbar [19, 20] were reported for cavities manufactured for Tesla Test Facility (TTF), and a value of 55 Hz=mbar [21] was reported for HoBiCaT. The simulation prediction is about 40% lower than the smallest reported values, which is reasonable agreement, taking into account differences in the cavity and helium tank design, as well as how critically the simulation results rely on reported material properties, especially the stiffness of the tuner.
For the ERL 2-cell injector cavity, simulations predicted the df=dp to be 124 Hz=mbar. This is significantly higher than the 7-cell prediction, but the design of the 2-cell was not optimized for low df=dp, as the injector operates at low loaded Q for large effective beam loading. Measurements, averaged over all five cavities in the injector, are shown with the ANSYS prediction in Fig. 7 . The measurement was repeated after changing the position of the tuner by þ4000 steps (approximately 1% of the total range of the tuner), corresponding to a shift of approximately À15 kHz, and by À4000 steps.
The error bars in Fig. 7 were derived from the significant spread in values between the five cavities. The order of magnitude difference in df=dp observed when changing only the position of the tuner shows that some factor is changing significantly with tuner position, likely the tuner's overall stiffness. Only one number was found reported for the measured stiffness of the blade tuner [15] , and that number is used in the simulations, but the tuners on the ERL injector cavities may in fact be stiffer than this when on resonance. Taking into account the range of values obtained by varying the tuner position, the df=dp prediction from simulation agrees reasonably well with measurement. Note that the 2-cell cavity df=dp prediction is a factor of about 15 times higher than that of the unstiffened 7-cell cavity. An analytical model can be used to understand this large difference in sensitivity.
VI. UNDERSTANDING CAVITY BEHAVIOR UNDER PRESSURE VARIATIONS USING AN ANALYTICAL MODEL
The simulations discussed in the previous section are a useful tool for evaluating the df=dp of a particular cavityhelium tank-tuner configuration; however, they do not explain why two cavity-helium tank-tuner assemblies studied have df=dp values an order of magnitude apart, nor do they suggest a method for decreasing df=dp in a given assembly. To accomplish this, the individual factors contributing to df=dp must be understood in more detail.
First, one can isolate the Áf contribution due to the change in length of the cavity from the contribution due to cell shape changes in the cavity at fixed length (as is done in [22] ):
df dp ¼ df shape dp þ df length dp :
The length change can be deconstructed further using the length of the cavity L and the force F experienced by the cavity increasing its length:
Here K is the stiffness of the cavity-helium tank-tuner assembly. ANSYS can calculate all these parameters using the procedures outlined in Table II. df=dL depends on the shape and size of the cavity. The two cavities under study in this paper operate at the same frequency and have similar shapes, but different numbers of cells. One might therefore expect that df=dL depends linearly on this factor to first order [23] .
df=dL is plotted as a function of stiffening ring radius in Fig. 8 . Only one point is plotted for the injector cavity as its design does not include stiffening rings. The df=dL of the injector cavity is predicted by ANSYS to be 3.9 times that of the linac cavity without stiffening rings. This is very close to the expected factor of 7=2 ¼ 3:5 from the different number of cells.
In considering the longitudinal stiffness K of the cavity assembly, one can think of it as a combination of springs in series and parallel, as shown in Fig. 9 . This model can be used to better understand the contribution of each part to the stiffness of the overall assembly.
The models' predictions for K are plotted in Fig. 10 . The results from ANSYS simulations of the full model are also plotted. For the 7-cell, the full simulation shows excellent agreement with the simple combination of spring constants for small to medium ring radii, but the two start to differ at large stiffening ring radii. This is likely caused by double counting of the enddishes once the stiffening rings become large enough to connect with them in the cavity stiffness simulation. For the 2-cell without rings, the spring combination agrees well with the model. In the spring model results in Fig. 10 , the cavity is separated from the rest of the assembly to show its contribution. The contribution of each of the other parts is given in the sensitivity analysis in Table III . For this analysis, the stiffness of each part was decreased by 50% and the resulting effect on the stiffness of the assembly without the cavity was calculated. Both cavity assemblies are very sensitive to the tuner stiffness. The factor of 4 difference between the Saclay tuner and the blade tuner gives the 7-cell assembly a much higher overall stiffness than the 2-cell assembly. The higher stiffness of the 2-cell cavity itself partially offsets the weakness of its blade tuner. It is also important to note that for the 7-cell assembly, the stiffness of the coupler enddish (i.e., the end wall of the helium tank opposite the end of the cavity with the tuner) has the second-largest impact on the overall stiffness.
For both the 2-cell and the 7-cell cavities, the largest contribution to dF=dp is the helium pressure on the end walls of the helium tank, pushing the cavity apart. This is shown in the ANSYS simulation results in Fig. 11 . The inset picture illustrates the two types of simulations that were run. In the first, pressure was applied to both the green and red areas and the restoring force on the cavity ends was found. In the second, the pressure was removed from the red areas, which make up the end walls.
There is some contribution from the pressure on the cavity, but removing the pressure from the end walls decreases the magnitude of dF=dp by at least a factor of 4. Naively, one may predict the ratio of 2-cell assembly's dF=dp to that of the 7-cell to be approximated by the ratio of the end wall areas (from beam tube OD to helium tank ID). However, this ratio, 0.96, is not in agreement with the dF=dp ratio of 2.3 found in the simulations. The apparent discrepancy is caused by the setup of the tuners. In the 2-cell setup, the pressure on the end walls acts fully on the parallel combination of the cavity and the tuner. However, in the 7-cell setup, on the tuner side, only the pressure on the enddish acts on the cavity and the tuner. Because the helium tank ring (indicated in Fig. 11) is separated from the enddish by a bellows, the pressure on it acts entirely on the helium tank, which is very rigid, so the effect of this pressure on the cavity length is negligible. Subtracting the area of the tank ring from the 7-cell's end wall area gives a 2-cell to 7-cell ratio of 1.9, which is much closer to the simulated ratio. The product of all these factors gives the contribution of length change to df=dp. This is shown, with the additional cell shape change contribution in Fig. 12 . The sum of the two is compared to the full simulation.
The breakdown of the models matches up very closely to the full simulation. The difference between the two is less than 3% for every point. This shows that methods for increasing K or reducing df shape =dp, df=dL, or dF=dp should all be valid approaches for reducing df=dp.
For both the 2-cell and the unstiffened 7-cell cavities, the deformation of the cell shape at fixed length changes the frequency very little. The positive frequency shift from the equator deformation balances the negative shift from the iris deformation. For the 7-cell, the variation in df=dp with stiffening ring radius is caused mostly by the way the rings shift this balance. Across the range of ring radii, the shape component of df=dp varies by a factor of 9.5, whereas the length component varies by only 3.3.
VII. METHODS TO DECREASE df=dp
Beyond proper design of the stiffening rings, some effective methods for decreasing df=dp are evident from the simulations and the model discussed above. Simple steps can be taken to reduce the contribution from length change, which is the largest factor for both the 2-cell and for the 7-cell with optimized stiffening rings. As presented above, using a tuner on the cavity end instead of a tuner on top of the helium tank decreases the effective area acted upon by the helium pressure, thereby decreasing dF=dp strongly. In addition, ensuring that both the tuner and the end walls are very stiff will also significantly decrease df=dp.
As others (see, for example, [24] ) have suggested before, it is possible to minimize df=dp in a cavity using a tuner located at the cavity end by optimizing the diameter of the helium tank bellows. Reducing the diameter of the bellows lowers the effective surface area of the end wall, i.e., the part which is rigidly connected to the cavity and creates a force that stretches the cavity when the helium pressure increases. As a result, dF=dp decreases. A method to extend this to tuners that sit on top of the helium tank has also been suggested [25] .
Using the unstiffened 7-cell cavity as an example, increasing the stiffness of the end wall opposite the tuner by a factor of 3 would increase the overall stiffness by 32%. This could be accomplished using stiffening ribs. Decreasing the diameter of the bellows from 191 to 118 mm-an extreme case, as shown in Fig. 13 -would reduce dF=dp by a factor of 4.4. Because the stiffness of the end wall also affects dF=dp, implementing these changes together reduces the length change of the cavity by an overall factor of 7.6. Assuming df shape =dp and df=dL stay the same, df=dp would be reduced from 8:3 Hz=mbar to just 2:9 Hz=mbar.
VIII. CONSEQUENCES OF STIFFENING RING OPTIMIZATION
The approach to df=dp reduction by optimization of the stiffening rings led to the promotion of no/small stiffening rings or large stiffening rings. However, the radius of the stiffening rings will have an impact in several areas other than microphonics.
A. Cavity tuning
While fine tuning of the cavity in the cryomodule is accomplished via piezoelectric actuators, a mechanical tuner is required to provide coarse tuning with a typical range of $500 kHz. The results of ANSYS calculations of At the largest stiffening ring radii ( > 80% of the irisequator distance), the force required from the tuner would be very large (> 60 kN) which would make the frequency tuner design very challenging. Moreover, eventually the cavity becomes stiffer than the enddishes, at which point the deflection in the middle cells is small relative to the deflection in the end cells. In this case, the tuner would only significantly affect the endcells, making it impossible to tune the cavity while maintaining field homogeneity in the cells.
The stress in the cavity at maximum tuning (500 kHz) for any of these cases is high, and above the room temperature yield strength of roughly 50 MPa. Fortunately, due to changes in the material properties with temperature, the maximum allowable stress at 4.2 K is significantly higher, close to 140 MPa [26] , which sets the limit on the radius of stiffening rings at approximately 70% of the iris-equator distance. However, in any case, it is very important to set interlocks on the tuner that will release the stress if the cryomodule is warmed up. Failure to release the stress on the cavity when transitioning from cold to warm could result in plastic deformation.
B. Deformations during handling
A cavity with no/small stiffening rings can be very sensitive to small forces generated by its own weight and by handling. Figure 15 shows ANSYS results of a cavity deforming under its own weight, while supported only at the bottom of its enddishes. For small rings, the maximum stress in the cavity approaches the room temperature yield strength. In this case, great care must be taken to ensure the cavity is properly supported at all times to avoid undesired deformation. A strong support frame can help.
Researchers at Jefferson Lab recently built cavities both with and without stiffening rings. They report a stronger tendency for unstiffened cavities to deform during handling, observed as a deterioration of the field flatness [27] .
C. Effect of mechanical resonances on active compensation
Mechanical resonances of cavities in a cryomodule can be excited, for example, by external vibrations, helium bath pressure fluctuations, or by Lorentz forces in pulsed operation. Stiffening rings strongly affect the frequency of the mechanical resonances of the cavity. ANSYS calculation of the frequencies of the first six eigenmodes in the ERL 7-cell cavity are shown in Fig. 16 along with some illustrations of these modes. These results assume a 100 kN=mm tuner stiffness. From Fig. 16 , it can be concluded that larger stiffening rings have mechanical modes at significantly higher frequencies, which is beneficial for two reasons. First, it makes active compensation of microphonics via the piezofrequency tuner more effective; second, the amplitudes of vibration sources tend to be lower at higher frequencies.
Assuming that the lowest frequency mode limits the control bandwidth and that it has a similar amplitude for no stiffening rings and for stiffening rings at 70% of the irisequator distance, the latter case would have a control bandwidth 3.5 times larger than that of the former.
D. Difficulty in fabrication
Stiffening rings contribute significantly to the fabrication cost of an SRF cavity, so a cavity without rings is preferable from a cost point of view.
E. Lorentz force detuning
LFD was simulated in ANSYS, again using a procedure similar to the df=dp simulations, but with a pressure load calculated from the Lorentz forces from fields in the cavity instead of a constant pressure. A spring boundary condition is applied between the two ends with spring coefficient selected to simulate the helium tank-tuner assembly. The results are shown in Fig. 17 for the 2-cell, the 7-cell, and for an ILC cavity.
The average of the LFD coefficients for the five injector cavities was measured with the cavities on resonance, as shown in Fig. 18 . The average is shown in Fig. 17 with error bars derived from the large spread in values from cavity to cavity. The results show good agreement between simulations and measurement. As expected, the ILC ring radius gives a low LFD coefficient. On the other hand, ring radii optimized for low df=dp have relatively high LFD coefficients, but this is not an issue for a cavity in cw operation.
IX. CONCLUSIONS
Continuous wave superconducting rf linacs with no or low beam loading require operating their SRF cavities at high loaded quality factors to reduce costs and maximize operational efficiency. However, high loaded quality factors must be accompanied by low microphonics detuning levels. Therefore cavities need to have small sensitivity df=dp to fluctuations in the liquid helium bath pressure surrounding the cavity. In this paper, several methods were presented to significantly reduce df=dp in elliptical cavities through optimization of the cavity-helium tank-tuner system. Constructing a cavity with no/small radius stiffening rings or with large radius stiffening rings decreases df=dp from shape deformations. Using a tuner located at the end of the cavity instead of in the middle of the helium tank reduces df=dp from length change by decreasing the force generated by the pressure acting on the end walls. This effect can be further exploited by using as small a diameter as possible for the bellows between the helium tank ring and the enddish. In addition, ensuring that the tuner and the coupler enddish are as stiff as possible significantly decreases df=dp from length change. For the Cornell ERL main linac cavity, simulations show that implementing all of these methods, including using a cavity with no stiffening rings, would yield a df=dp of just 2:9 Hz=mbar. Compare this to measurements of the df=dp of a TTF cavity, approximately 30 Hz=mbar. Large, state of the art cryogenic systems achieve rms pressure stabilities of $0:1 mbar [28] . Assuming a peak deviation 6 times the rms value, the peak detuning of the TTF cavity would be 18 Hz, which gives an optimized Q L of 4 Â 10 7 , compared to 1.7 Hz and 4 Â 10 8 , respectively, for the optimized ERL main linac cavity. For operation at 13 MV per cavity, this corresponds to a power requirement of 3.0 kW for a TTF cavity (scaled to 7 cells), and only 0.3 kW for the optimized ERL cavity. For the Cornell ERL main linac cavity, two prototypes are being fabricated to investigate the two optimized stiffening ring radii solutions, one with no stiffening rings, and one with large stiffening rings, at approximately 70% of iris-equator distance. The bellows diameter was chosen as small as possible to accommodate the large stiffening rings. The unstiffened cavity will be easier to tune and easier to manufacture than the stiffened cavity, but it will be more fragile during handling and its low frequency mechanical resonances will limit the bandwidth of the piezotuner. The decision of whether or not to use stiffening rings will be based on the experience of fabrication and operation under horizontal test.
